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Abstract 

We consider a massive Rarita-Schwinger field on the Anti-de Sitter space and 
solve the corresponding equations of motion. We show that appropriate boundary 
terms calculated on-shell give two-point correlation functions for spin-3/2 fields of 
the conformal field theory on the boundary. The relation between Rarita-Schwinger 
field masses and conformal dimensions of corresponding operators is established. 
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The correspondence (duality) between supergravity on rf+l-dimensional Anti-de Sitter 
space and a certain superconformal field theory on its <i-dimensional boundary, proposed 
in M and elaborated in |2], |3|] has already undergone a large number of examinations. 
The most important example of this correspondence is provided by IIB supergravity 
on AdS$ x S 5 background which is dual to M = 4, D — 4 SYM, appearing on the 
AdSc, boundary. Another pair of dual theories involve eleven-dimensional supergravity 
compactified on AdSi x S 4 and (2,0) superconformal field theory on the AdSj boundary. 

According to this correspondence all physical exitations of the bulk supergravity can 
be put in one-to-one correspondence with the composite operators of the conformal the- 
ory on the boundary and the generating functional for these operators is equal to the 
exponentiated classical supergravity action calculated on-shell with the given boundary 
conditions specified by the function (f) 

d d xO<J) )) =exp(-/(0)). (1) 

dAdS d+1 ' I CFT 

Thus in order to find the correlation functions of operators in conformal field theory 
one has to solve the classical Dirichlet problem for the corresponding supergravity field 
on the AdS space. It gives the direct way to check the correspondence: one should 
compare the correlation functions expected in conformal field theories and those obtained 
via supergravity. In this way two-point functions of local operators corresponding to the 
scalar fields |]|, f|, ^, [7J, vector fields || || [| [|, spinor fields [[K], ||, metric tensor 




fields fllTl , |12| , pT3| , antisymmetric form fields [14], [L5| [16| and massless Rarita-Schwinger 
fields [ |TT| were investigated and the agreement with the conformal field results was 
established. Also various three-point correlation functions for these fields were examined 
0, ^ [], [TSL ETJ. In all cases the results are in agreement with those expected in the 
conformal field theory. In this note we consider the massive Rarita-Schwinger field and 
study its two-point correlation function. 

The general action for the massive Rarita-Schwinger field in a d + 1-dimensional 



curved space is [21 



S = J d d+l x^^D^ p -m^^-m 2 ^,T^ v ). (2) 

Here D p is a covariant derivative, T pup = T^T U T P \ T pu = r^P^, where T M are curved 
space gamma matrices connected with the flat space gamma matrices 7 a via vielbein 
e^: r M = e^7 a , /i, a = 0, l,..,d. The flat space gamma matrices are subjects of the 
anticommutation relations {7a, 7b} = 2<5 ao . We suppose that the background is d + 1- 
dimensional Euclidean Anti-de Sitter space with the coordinates x = (xo,x) = (xo,Xi), 
where xq > 0, i = l,..,d. The hypersurface xq = will be considered as the AdS 
boundary. The corresponding AdS metric has the form 

ds 2 = —(dxl + dx; L dx l ) (3) 
x Q 

and we can specify the vielbein as 

" Xq 1 ] 
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Below we will investigate the action (0) with rather general mass parameters mi and mi. 
However the most interesting results are related with the Rarita-Schwinger field on AdS$ 
appearing in the compactification of IIB supergravity on AdS§ x S 5 . The corresponding 
mass spectrum was found in |22j and consists of three sets of states: 



mi = -(3/2 + A;), m 2 = 0, k = 0,1,2,.. 
mi = 7/2 + k, m 2 = 0, k = 0,1,2, .. 
mi = 0, m 2 = —3/2. 

The action (Q) leads to the following equation of motion 

T^ up D u m p - mi*'' - m 2 r^* v = 0, (5) 
which can be rewritten in the equivalent form 

r(A,* p - D p ^> v ) - m_* p + ^t-r p r"tf „ = 0, (6) 

where m± = mi ± m 2 . For the future convenience we project the Rarita-Schwinger field 
on the vielbein introducing 

% = ey,. (7) 
Substitution of this field and vielbein (Q) in Eq. is straightforward and gives 

xol a daipb - x d b (ci a 4i a ) - 7^0 - ^1o4>b - 7;7o7f>(7>a) 

+ \W^ a ) - m^ b + ^± T7fe ( 7 > a ) = 0. (8) 

Following Witten ||, in order to solve these equations we will find a solution which 
depends only on xq coordinate and has a singularity on the infinity and then apply the 
inversion (accompanied by the rotation of the vielbein), which moves the singularity to 
the boundary 2 = 0. The fields depending only on x coordinate are the subject of the 
following equations 

xo7°<9 ^o - + l)7o^o - m-ijjQ = x d x ~ j-^loX - X, (9) 

xol°d ^i - ^7o^i - rn-ipi = ^7o7*X - TZ^^iX + 7;^o, (10) 

where we denote x — 7 a Vv It is easy to see that these equations put the constraints on 
the fields 

(d - 1 - 2m_ 7o )Vo = (d- l + 2m 27o )x. (11) 
Taking ([□]) into account we get the following solution for the equations (|J), ( [ID ) 

^ = x^ /2+c 6+ + 4 /2 -%, (12) 



2m x d/2-c 7- 2mi d/2+c 



d(d-l-2m 2 ) u u d(d-l + 2m 2 



~ in — TV~o — \ x o ' ( 13 ) 



where 

c _ d(d- 1) (mi - m 2 )(m 1 + dm 2 ) 
4mi mi(d— 1) 

and 6g , bf are constant spinors with a definite chirality (70^ = &„, 7o^a = — )• Also 
6q , &f are the subject of the additional relations 

7 l 6+ = 0, y&r = o. (15) 

Applying 0(d+l,l) transformation of the AiSd+i isometry group we can map infinity 
to an arbitrary point on the boundary x = 0. It introduces the dependence on Xj 
coordinates. The corresponding transformation is 

x v — * 2~r^ - ( 16 ) 

Xq + X 2 

Note that an application of this transformation changes the vielbein @, so in order to 
get a solution in an old local Lorentz frame we have to transform a vielbein as follows 

ej — where L£ = # - (17) 
P A Xo + x^ 

This inversion of a vielbein is supplemented by an appropriate transformation of the spinor 
field H 



fe x 7° + ^7 l , / 1B x 
— ► / = -^6- (18) 

Note that this transformation changes the sign of gamma-matricies so in order to recover 
the invariance of equations of motion we have to change all mass signs. The above 
procedure, applied to the solution (0), ([13]) gives us bulk-to-boundary propagator for the 
gravitino field. The contraction of this propagator with arbitrary functions yields 

, f , d ( (xol° + (x ~ yhf)4 /2 ~ C7 ° n 2x1 ^ 

^ = J d V [ (z* + (Z-W)W-Cto C 1 - xl + (x- y y My) 

2(x 7° + (x-^7>o /2+1 " m - 70 



(xg + (f -y)2)(rf+l)/2+l-m_ 70 

4mi (xq7° + (z - y)t7 i )^o /2+1+C 
- 1 + 2m 2 ) (xg + (x - y)2)(rf+i)/2+i+c 

4mi (xo7° + {x - y)a l )xQ 2 " 1 

"+1-C 




d(d-l-2m 2 ) (xg + (x-y) 2 )( d+1 )/ 2 
, _ f , d ( (x 7° + (x-^7^o /2 " m " 70 r5 _ 2(x-y) i (x-y) j 

Wl J V [ (x2 + (f-y)2)(^l)/2-^ 70 ^ x 2 +(f _ f)2 

2(x o7 ° + (x - y)*y)sS /a+1 - c '» 



(19) 



(xg + ^-jO 2 )^ 1 )/^ 1 -^ 
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(x - y)ib ( 



2mi (xq7° + (x- y)iY)xo /2+C 2(x -y)j(x -y)j 

2mx (xq7° + (g - y)g i )x d Q /2 ~ C 2(x-y) i (x-y) j h+( S\ ,„ m 

+ d(d-l-2m 2 ) {xl + {x-yf) {d+1)/2 - C x 2 + (x - y)* )lj0 KV) ) ' 1 J 

Eq. (|19[) and (p0|) give the general solution to the equations of motion (||). In the same 
way we construct the solution for the conjugated spinors ip a , that has the same form 
except the change of all mass signs. 

Now we have to impose the appropriate boundary conditions on the infinity and on 
the hypersurface Xq = 0. Namely, in the solution (|19D, ( p0|) we keep only the terms, 
which vanish as Xq goes to infinity. Note that the asymptotic behavior of the fields 
essentially depends on the values of the constants d, mi and irt2. Moreover, different 
terms in (|TI|), (^3) have different limits as xq tends to zero. In order to be concrete 
in all formulae below we suppose mi and mi — ui2 to be positive (all other cases could 
be studied in the same way). We denote tp a = ip a [bf) + V-al^oL where we collect in 
ip a all terms depending on 6, and in ip' a all terms depending on b . The fields bf(y) 
define the asymptotics of XQ d ^ 2+m ~ijj' a [bf). As in the Dirac case [JTTJ in order to obtain a 



square integrable asymptotics on the boundary we have to put b~i(y) = 0. The asymptotic 
behavior of the terms Xq +m ~ip2 [b^] is determined by the relation between two constants 
m_ and C. In general, due to these relations the functions b couldn't be fixed by 
the boundary data, since all the terms Xq +m ~ip'a [bo] vanish or go to infinity as x 
approaches zero. Thus only b^ are determined by the boundary conditions. Note that in 
the particular case bo = we have the following solution to the Dirichlet problem for the 
Rarita-Schwinger field on the AdSd+i space 

M^x) = -J d d y 2 ^° + + ^ x _ ^yj?y 2+1+m _ (x - y)iK(y), (21) 

- 1 ^ WiNw^ (* - Vfcy ) w (22) 

The general scheme of AdS / CFT correspondence || prescribes us to calculate the clas- 
sical action on-shell with given boundary conditions. The action for the Rarita-Schwinger 
field (0) is linear so it vanishes on-shell. As in the Dirac case |I| it should be supplied by a 



special boundary term, which should be covariant and quadratic in the Rarita-Schwinger 
fields fTTj , |18f . We take such term in the form I = I\ + I 2 , where 



h = const • lim J d d x^/g~ £ ^ i {x)gi i ^ j(x), (23) 

d 

I 2 = const • lim I d d x^g~ £ ^ i (x)Y i Y j ^ j(x). (24) 

d 

M e d is the hypersurface xq = e, ^Jg~ e is a volume element in the induced metric on this 
hypersurface. The second structure ([24]) doesn't contribute to the correlation function 
of operators coupled to b^ since on-shell we have 7 a ^ a ~ b . In order to calculate Ji 
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we will substitute ( pO|) and the corresponding solution for the conjugated spinor in (|23|) 
and rewrite it as a sum of the integrals with the similar structure. So the integral to be 
computed is 

id^-df x n ( x - yi)i(x - y !) m s 
e 2 + (x-yt) 



G( Vl , y 2 , e) = I ( S im - 2 ^% x 



/ £7° + (x- yi)ki k d/2+a \ ( £7° + (x- y^rf d/2+ p 

\ (s 2 + (X- y^y/2+1/2+a J y ( £ 2 + (f _ ^ 2 )2)d/2+l/2+p 



,( Z ~ y 2 )i(g ~ y 2)n 

e 2 + (x - y 2 ) 

In Appendix we argue that this integral is singular in the limit e — ^ if the difference 
between p and a is not integer. Except very special cases of masses the difference between 
C and m_ is not integer, so the terms mixing bo and hi give a singular contribution in 
I\. Therefore if we perform the "minimal" renormalization H, i.e. just drop out singular 
terms, we get that the generating functional doesn't depend on the terms containing 
simultaneously b Q and 6j. So the correlation functions of operators coupled to 6, are 
determined by the term involving only b{. In order to calculate the latter one we will also 
use the results of Appendix. In this case the hypergeometric function %F 2 in fl36|) turns 
to 2 Fi, so we have 



£ 2m„+l 



-d d x 



(e 2 + (X- y 1 )2)(d+l)/2+m_ ( £ 2 + (£ _ £ 2 )2)(d+l)/2+r, 

const / d d 1 d Ij/i — y 2 | 

— ttt; rT2.Fi — h 1 + 2m_, — I h m _: — h m_ + 1; - — 

£ d+2m_+i^ A ^2 2 2 2 4e 2 

const ( d 1 d 

2F1 t + t + w-, — - + m_ + 1; 





2/i 


-ya 


2 


4e 2 + 


yi - 


2/2 


2 



(4£ 2 + (y 1 -jr 2 ) 2 )( d+1 )/ 2+m - v 2 2 ~' 2 

(26) 

The result for the integral turns out to be 



/ , / id A d {yi-y2)ki k , x %i - 2/2)1(2/1 - 2/2)^,- ... . 

7i = const • / d m d y2bt(yi) ^_^ d+1+2m _ (S ij ^- _ ^ ^ (2/2). (27) 



As it was noted in 0, the integrals obtained after calculation the actions on-shell and 
taking the limit e — > are divergent and need the regularization. It was suggested to 
make renormalization or to consider the integral (p7|) as a value of the distribution 



(2/1 — 2/2)fc7 fc /s 2(2/1 — 2/2)1(2/1 — 2/2) 



{Sij _ ^ ^ (2J 



l27i-y 2 | d+1+2m - y (2/1 - 27 2 ) 2 

on a test function. The Fourier transform of this distribution is 



2/fc7 fc ,r _ tym ■ 

|^|d+2m_+l ^ *•? ^2 • 



const -p 2m -V fc 7 fc ( + 7, ^ r^TT" ) 

^ V J (d + 2m_ -3)(d+2m_ - 1) p 2 / 

(29) 



6 



for 2m_ + 1 ^ 2k, where k = 0,1,.. and p = \p\. The overall factor in (p9|) is not 



important for us. Also we take in account that the test functions in (^7]) are the subject 
of the restriction Yb% = 0. When 2m_ + 1 is even, the Fourier transform includes a 
logarithmic term 

= - St • log y ( % + (d + 2m __ 3 ; (rf+2m __ 1) P fj ■ (30) 

As it was noted in the distributions of this type are not conformal invariant. 

The general scheme prescribes to variate the unconstrained fields on the boundary, 
however, we have a restriction jibi(y) = 0. It means that we should introduce a projection 
operator on this constraint, namely 

bi(y) = (Sij - ^liljYbjiy) = Tlijbjiy), (31) 



where bj(y) is an unconstrained field. Taking it into account and using (]2~7 ) we obtain 



(yi - y2)i{l i ) a p (s 2(y 1 -y 2 ) k (y 1 - y 2 )i 

\yi-m\ d+1+2m - kl (yi-m) 2 



^(yi)^)) = const • n tfc ; — %- {s u - ^ t ^\ 2 — )n„ (32) 



^ia{y) is a conformal field operator which corresponds to the Rarita-Schwinger field in 
supergravity. Note that the second projection operator in (|32|) could be eliminated by the 
trivial algebraic transformations, so only the first one is really necessary. The obtained 
correlation function coincides with the projected two-point correlation function expected 
in the conformal field theory for operators with spin-3/2 [|26[ and with the conformal 
dimension 

A = - + m_. (33) 



For the massless case m\ = these results coincide with those obtained in |T7| , [R 

In this note we have considered the action for the massive Rarita-Schwinger field in the 
Anti-de Sitter space and solve the corresponding equations of motion. According to the 
prescriptions of AdS/CFT correspondence we have demanded the appropriate boundary 
behavior of the field and using the special boundary terms we have obtained the two- 
point correlation function for the conformal field theory operators with spin-3/2. In our 
consideration we didn't specify the AdS dimension d and the parameters mi and m 2 of 
the Rarita-Schwinger field. However we implied that these parameters are subject of the 
special relations: we supposed that the difference between C and m_ is not integer. It is 
easy to see that for the Rarita-Schwinger field masses in IIB supergravity on AdS?, x S 5 



22H and in eleven-dimensional supergravity on AdSj x S 4 |23f the above condition is 
satisfied. 
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Appendix 

The purpose of this Appendix is to give an explicit calculation of the general integral fl25|). 
Performing multiplication, one can get 

G( yi ,y 2 ,e) = U^ 'l + ( ! ~ V :)fAll! 2 ) 3 t ~^ iyi ~lttZ >< 

Vy ' ' J (e 2 + (x - ^) 2)^/2+1/2+^^2 + _ ^ 2 )2)d/2+l/2+p 

f x , Ax-yi)i{x-y 2 ) i {x-y l ) m (x-y 2 )n 

X \0 m n + 4- 



{e 2 + (x-y l ) 2 )(e 2 + (x-y 2 ) 2 ) 

(x - yi ) m (x - yi ) n Ax ~ y 2 ) m {x ~ y 2 )n 



(34) 



e 2 + (x-y 1 ) 2 ' e 2 + (x-y 2 ) 2 J 

We will consider ([34]) as a sum of different terms with the similar structure, it will 
unify our investigation. Also the succeeding analysis will be simplified if we rewrite each 
term applying the Fourier transformation. We use the following Fourier transformation 
formula: 



2 a T (i + n 



2 J {e 2 + (x - y) 2 yi 2 +c 



const ■ J d d pe i ^-y ) p a K a (ep) (35) 



where K a is a modified Bessel function with index a and p — \p\. The contraction of 
two propagators in ( |3~4"1) turns into the product of their Fourier images. The remaining 
integral could be found explicitly in |27|], so we get 



,d p 



12' 



j e -im -vtipH+vKp (ep) K v (ep) d d 

const 2 d / 2+ v +u - 2 T (d/2 + n + u)T (d/2 + u)T (d/2 + /i) 
~~ £ d+n+v f (d + \i + v) 

3 F 2 \d/2 + fi + u, d/2 + z/, d/2 + /i; , ; — I . (36) 

All factors like p m appearing after differentiation of ([35]) could be obtained by applying the 
operator ijf^- to (0). The circle of convergence for the hypergeometric function 3 F 2 (z) 
is | jar | < 1. So, in order to find the limit e — > we have to apply the formula of analytic 
continuation, known in the theory of the hypergeometric functions 



3^2(01, a2,a 3 ;6i,6 2 ;2 ; ) 



r (ai )(--)-" r r ( ,? 2 " ai '''? 3 " ai ' x 

r(6i - ai)r(& 2 - ai) 



r(ai)r(a 2 )r(a 3 ) 

3 F 2 (1 + ai — 61, 1 + ai — b 2 , a x ; 1 + a x — a 2 , 1 + a x — a 3 ; l/z) 
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r(6i - a 2 )r(6 2 - a 2 ) 

x 3 F 2 (l + a 2 - h, 1 + a 2 — 62, a 2 ; 1 + a 2 — ai, 1 + a 2 — a 3 ; l/z) 



+r(a 3 )(-z) 



-a 3 



r(oi - a 3 )r(a 2 - a 3 ) 



r(6i - a 3 )r(6 2 - a 3 ) 
x 3 F 2 (1 + a 3 - bi, l + a 3 - 6 2 ,a 3 ; 1 + a 3 - a 1; 1 + a 3 - a 2 ; 1/z) 



(37) 



Taking into account, that F(0) = 1 we find three terms with the different behavior as 
£ tends to zero. In our concrete case of the integral ( ff3| ) we have \i = cr + 1/2 — n, 
v = p + 1/2 — m, where m, n are integers, which are different for each term in (0). So 
we find that three mentioned types of behavior as e — > are 



^a+p+d+l—n—m 



_<j—p—n+m 



^p—<T+n—m 



(38) 



Note that the powers in the second and the third types are inverse to each other, so if the 
difference between p and a is not integer we have a singular contribution. 
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